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Abstract
We further extend our work [4] to give more insights on the radiation dominated stage of the early
universe within the context of the quantum field theory in curved spacetime. Specifically, we focus
on the fundamental cosmological observers who have a special status in the new spacetime metric
introduced in [4]. These observers are the only observers who are accelerating radially and do not
see an event horizon due to a coordinate singularity. Closer analysis, using the new coordinates,
leads us to the definition of a new vacuum state and a compulsory gravitational particle creation
for the fundamental cosmological observers.
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I. INTRODUCTION
In general relativity, although coordinate systems and observers, by themselves, do not
have a role to dictate fundamental physical laws (which should be covariantly defined), the
choice of one frame over the other often helps to gain important physical insights. We
see this happening in black holes where one has options to chose coordinates so that the
coordinate singularity at the event horizon may appear (e.g., Schwarzschild coordinates) or
may not appear (e.g., Kruskal coordinates). Also, if we want to single out a physical observer
(like the asymptotic observer in Schwarzschild spacetime) we need to select a coordinate
system suitable to that particular observer (i.e., Schwarzschild coordinates) in order to
discuss relevant physics. This, to some extent is also true even in a flat spacetime where an
observer with constant four acceleration encounters a horizon in Minkowski spacetime (e.g.
Rindler observer) just because Rindler coordinates only cover one-fourth of the Minkowski
spacetime. Physics become even more interesting by including quantum fields (even non-
interacting case) into account which then introduces particle creation due to gravitational
field (e.g., Hawking effect [1, 2]), due to the observer’s own motion (e.g., Unruh effect [3])
etc.
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In a recent work [4] we found a new coordinate system (we shall refer to them as “Modak
coordinates” just for the sake of clarity of presentation) to describe the radiation dominated
stage of the early universe by making a conformal transformation of the cosmological FRW
coordinates. Modak coordinates express the radiation dominated universe, following the
inflationary stage, as a spherically symmetric, inhomogeneous spacetime and offer a new,
unitarily inequivalent field quantization for massless scalar fields. We also discussed physical
aspects related with the static and non-static observers in this spacetime. In fact, much to
our surprise, we also found observer dependent horizons which is qualitatively analogous to
the event horizon encountered by accelerating observers in Minkowski spacetime. However,
quantitatively there is a difference - in Minkowski case we consider the trajectories of con-
stant four acceleration (i.e., the Rindler observers) while in [4] there are bunch of observers,
including some with constant radial acceleration, who will encounter an event horizon. This
discovery was followed by a systematic discussion of particle creation phenomena with re-
spect to the static observers in Modak spacetime who finds the fundamental cosmological
vacuum state as containing particles. However, we completely overlooked another side of
the picture where the fundamental cosmological observers (hereafter FCOs) would also find
the vacuum state corresponding to the static observers (Modak vacuum state) to be full of
particles. This aspect is even more important, because, our understanding of the cosmos
is based on the observations with respect to the FCOs. We get their view of the universe
by subtracting all relative motions of various structures in the cosmos and therefore this
phenomena should be of our interest. Cosmic Microwave Background Radiation (CMBR)
spectrum is also interpreted using FCO’s frame. Of course, further studies are required to
understand if there is any significant impact of this particle creation process (either direct or
indirect) we are reporting in this paper and if this can have any observational implication.
Specifically, in this paper we discuss various subtleties regarding the appearance and
non-appearance of horizons for various observers in Modak spacetime. Our main focus in
this paper will be on the FCOs who fall in a sub-class of observers with constant radial
acceleration. FCOs are quite special in the sense that they are the only observers who are
accelerating radially, at a constant rate, in Modak spacetime and do not encounter any
horizon. All others, moving at any different rate of acceleration, even if it is constant, are
bound to encounter event horizons just due to their motions. We further show that the FCOs
are exposed to the effect of gravitational particle creation due to the existence of Modak
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vacuum which appears to be particle excited state for FCOs. The resulting behaviour of the
particle excitation number density is shown to have a nice geometrical interpretation.
The organization of the paper is as follows. In section II we give a short summary of
mathematics that leads us to the Modak form of the radiation dominated universe. In
section III we discuss the observer dependent horizons and the special status enjoyed by
the FCOs. Section IV discusses the particle creation phenomena and section V interprets
the particle excitation number from a geometrical point of view. Finally, in section VI we
conclude.
II. NEW COORDINATES DESCRIBING THE RADIATION DOMINATED UNI-
VERSE
Here, we provide a brief review of our earlier work [4] related with the installation of a new
coordinate system in the radiation dominated universe. For somewhat broader motivation
and a detailed calculation we refer the reader to [4].
Let us start from the spatially flat FRW metric ds2 = dt2−a2(t)[dr2 +r2(dθ2 +sin2 θ dφ2)]
which in cosmological coordinates (η, r, θ, φ), where η =
∫
dt
a(t)
, is given by
ds2 = a2(η)[dη2 − dr2 − r2(dθ2 + sin2 θ dφ2)]. (1)
The scale factor a(t) is an exponential function of time in the inflationary and dark energy
dominated stages, whereas, it satisfies the power law equation a(t) = a0t
n for other stages
of expansion, specifically, n = 1/2 for the radiation dominated stage and n = 2/3 for the
matter dominated stage. The constant a0 =
√
2He (where H is the inflationary Hubble
constant) for a universe starting from inflation and transiting into the radiation stage [5].
In the light-cone gauge u = η − r, v = η + r and r = v−u
2
(1) becomes
ds2 = a2dudv − (v − u)
2
4
a2(dθ2 + sin2 θdφ2). (2)
In [4] we showed that, if we make a conformal transformation of the cosmological null
coordinates, for a general functional dependence of a(t), then it is only for the radiation
dominated case where the resulting spacetime poses important symmetries that allow more
than one (unitarily inequivalent) field decompositions. In fact, for a(t) ∝ t1/2, a conformal
transformation of null coordinates of the following form [4]
U = T −R = ±He
2
u2 ; V = T +R =
He
2
v2 (3)
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(where + and − sign applies for u ≥ 0 and u ≤ 0 respectively) takes the above metric
into a spherically symmetric form. The full spacetime, referred here as Modak spacetime, is
now a direct sum of the following two spacetime metrics applicable to the sub-Hubble and
super-Hubble regions [4]
ds2 = FI(T,R)(dT
2 − dR2)
−R2dΩ2, (for U ≥ 0;T ≥ R) (4)
with
FI(T,R) =
(
√
T +R +
√
T −R)2
4
√
T 2 −R2 . (5)
ds2 = FII(T,R)(dT
2 − dR2)
− T 2dΩ2, (for U ≤ 0; T ≤ R) (6)
with
FII(T,R) =
(
√
R + T −√R− T )2
4
√
R2 − T 2 . (7)
We shall denote the sub-Hubble and super-Hubble regions (shortly we shall clarify this
nomenclature), described by the metrics (4) and (6), as regions I and II, respectively. In
region I, Modak time and space coordinates are related with the cosmological time and space
coordinates as
T = (V + U)/2 =
He
2
(η2 + r2) (8)
R = (V − U)/2 = Heηr. (9)
In region II, the relationships between these two sets of coordinates are reversed, so that
T = (V + U)/2 = Heηr (10)
R = (V − U)/2 = He
2
(η2 + r2). (11)
By expressing the conformal factors FI/II(T,R) → FI/II(H,R), (where H = ( a˙a)RD is the
Hubble parameter for radiation stage) we get [4] FI(H,R) =
1
1−H2R2 and FII(H,R) =
1
H2T 2−1 . Thus the light-cone boundary for the new observers at T = R is nothing but the
comoving Hubble radius at R = 1/H. That justifies the above nomenclature.
It is important to note that T remains timelike for both regions, I and II. There is no
change of signature in (4) and (6). However, in the sub-Hubble region, the radius of the
5
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FIG. 1. Constant static time (T ) and space (R) slices in the cosmological (η, r) plane (in the unit
of He = 1). The T = const. slices in the sub-hubble region are circular due to (8) while they varies
inversely with r in the super-hubble region due to (10). The R = const. slices behaves exactly
in a reverse manner due to (8) and (11). The intersection points are located on the light-cone
boundary (at the Hubble scale) and there is no horizon for the static observer at the Hubble scale.
The comoving Hubble radius is shown in black dotted line. Note that they provide a well-defined
Cauchy slicing of the full spacetime.
two sphere in (4) (given by R) remains unchanged with time for a static observer in Modak
spacetime. The universe appears to be static for this observer up to a conformal time
dependent factor (in the R−T sector)! This is because the rate of expansion of the universe
with respect to the cosmological time coincides with the motion of the observer which is
static in Modak spacetime (only in region I). However, for super-Hubble region (II) (6), a
static observer in Modak spacetime, do see a universe which is expanding with time T since
now the radius of the two-sphere is timelike (in fact given by T ).
The constant T and R slices in (η, r) plane is plotted in Fig. 1. Constant R trajectories
(i.e., the static observers in Modak frame) are freely falling in cosmological frame in the
asymptotic past and future. However, they have acceleration and deceleration in between.
With respect to the cosmological time, they start accelerating in the super-Hubble region
and reach luminal velocity to reach the Hubble radius in a finite timescale. Once they reach
the Hubble radius they start decelerating, thus leaving the light trajectory to become sub-
Hubble, and finally become indistinguishable from the freely falling observer in cosmological
frame in the asymptotic future. Since this motion includes acceleration/deceleration there
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is a possibility of particle creation phenomena which was discussed in [4].
Now that we have a clear idea of the trajectory of a static observers (in Modak frame)
in cosmological (η, r) spacetime, we move to the next section where we study the reverse -
i.e., the trajectory of the FCOs (who are static in cosmological frame) in Modak spacetime.
III. TRAJECTORY OF THE FUNDAMENTAL COSMOLOGICAL OBSERVER
Let us start by considering a trajectory in Modak spacetime, given by T = G(R). Along
this worldline the (R, T ) sector of the metric (4) becomes ds2 = ΞdR2, where the conformal
factor
Ξ =
(
√
G(R) +R +
√
G(R)−R)2
4
√
G(R)2 −R2 × (G
′2(R)− 1). (12)
If this factor diverges for some allowed value of R > 0 and for a given T = G(R) that will
indicate the presence of horizon for the observer satisfying the aforementioned trajectory.
We are now free to chose any observer trajectory and test if there will be a horizon or
not. Take for example a linear trajectory G(R) = α0R + β0 where α0 ≥ 1 (necessary for
region I) and β0 > 0 are dimensionless constants. This will mean that the radial velocity of
the observer is constant dR/dT = 1/α0 and thus they have no acceleration. In this case it
is easy to check that Ξ never diverges. Therefore, any observer with constant radial velocity
in Modak spacetime do not encounter a horizon. This is some what analogous to the result
in Minkowski spacetime where inertial observers with constant velocity do not encounter
horizon. Now, let us consider the case G(R) = α1R
2 + β1, where α1 and β1 dimensionfull
positive definite constant. These observers have a constant radial acceleration 1/α1 and
follow a parabolic trajectory in (T,R) plane. Substituting this in (13) we find
Ξ
=
(2α1R + 1)(
√
(α1R + 1)R + β1 +
√
(α1R + 1)R− β1)2
4
√
α1R2 + β1 +R
× 2α1R− 1√
α1R2 + β1 −R
. (13)
The first factor is always finite, so it is only the second factor which determines if Ξ diverges.
Clearly there are two divergences for the root R0 =
1±√1−4α1β1
2α1
if β1 < 1/4α1. If β1 vanishes
there is one horizon at R0 = 1/α1. Further, there is a very special case for β1 = 1/4α1
for which the second factor in (13) is
√
4α1. Therefore, this and only this observer with a
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constant radial acceleration does not encounter horizon. It is easy to show that this observer
is none other than the FCOs. To demonstrate that we use the relations (8) and (9). We
find that the constant η = η0 trajectories in RT plane satisfy an identical relationship like
T = α1R
2 + β1 with β1 = 1/4α1 = Heη20/2. In fact a constant r trajectory also satisfies the
same relationship just because (8) and (9) are symmetric under the interchange of r and η.
Therefore, FCOs enjoy a very special status in Modak spacetime- they are the only observers
who are accelerating radially but do not encounter a horizon due to a coordinate singularity.
It therefore needs no more justification to say that neither the comoving observers with
proper time t will encounter a horizon in Modak spacetime. One can, in fact, go on to
discuss other observer trajectories but we rather want to turn our entire focus on the FCOs.
Particularly, we want to see how the constant η (which defines a “time-slice”) and constant
r (which defines a “space-slice”) orbits will look like. Since the relationships between the two
sets of coordinates, in (8) and (9), are symmetric under the exchange of η and r (so is true
for (10) and (11)) we have to be rather cautious to identify the time-slices and the space-
slices. The timeslices (η = η0), which needs to be forward moving with T , as η increases,
are defined as follows
T = R
2
2Heη20 +
1
2
Heη20 R ≤ T
R = T
2
2Heη20 +
1
2
Heη20 R ≥ T
 (14)
whereas, for spaceslices (r = r+ ) these are reversed:
R = T
2
2Her20 +
1
2
Her20 R ≤ T
T = R
2
2Her20 +
1
2
Her20 R ≥ T
 (15)
These slices foliate the complete spacetime, (basically the (T,R) plane; each point in this
plane is a two sphere) with constant η (timeslices) and constant r (spaceslices), in a consistent
manner so that the Cauchy problem is well posed. This is shown pictorially through the
plots in Fig. 2. In summary, Fig. 1 and Fig. 2 provide two different foliation of the full
spacetime by means of spacelike and timelike hypersurfaces. Unlike, Rindler and Minkowski
case, here cosmological and Modak coordinates cover the complete patch of the spacetime
and hence when we make field quantization the mode functions will be complete for both
cases. This does not happen in Rindler-Minkowski case since the Rindler observers only
cover one fourth of the spacetime due to coordinate singularity and therefore the mode
functions in Rindler frame remain incomplete. But here, neither FCOs nor static observers
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FIG. 2. Constant time and space slices in cosmological frame depicted in the (T,R) plane of
Modak spacetime. The black dotted line is the comoving Hubble radius. Different pairs of r =
const. and η = const. slices are in same color. For example, the green horizontal curve is a
spacelike hypersurface (or a “time-slice”) corresponding to a constant η and the vertical one is a
timelike hypersurface (or a “space-slice”) corresponding to a constant r. Same convention applies
to others. The intersection points are on the light-cone boundary at the Hubble scale. There is no
horizon for FCOs at the Hubble scale.
in Modak frame encounter a horizon. This will have an important impact on the particle
creation process.
Notice that, once again, in Fig. 2 the FCOs at r =const. (vertical curves) are in fact freely
falling, in Modak frame only in the asymptotic past and future, but they are accelerated
(and decelerated) radially in super (and sub) Hubble regions, respectively. FCOs do attain
a luminal velocity at Hubble scale and this is exactly analogous to the case of static Modak
observers in cosmological frame [4]. In fact, we expect this pattern to be reciprocal because
they are, after all, accelerated or decelerated with respect to each other. Another important
thing to note that, an initial Cauchy data, on an initial space-like hypersurface, may be
defined either on a T =const surface in Fig. 1 or on a η =const surface in Fig.2.
IV. PARTICLE CREATION
Now we proceed into another important part of our discussion which is gravitational
particle creation for FCOs. In our earlier work [4] we provided a detailed discussion of
particle creation phenomena with respect to the static observer in Modak spacetime who
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finds the cosmological vacuum as containing particles. As showed in Fig. 1, these observers
have non-trivial trajectory in FRW coordinates. Here we want to calculate the particle
content for FCOs who are at r =const. and following the trajectories showed in Fig. 2.
These observers will find Modak vacuum (to be defined shortly) as a particle excited state.
Therefore, FCOs will be exposed to a radiation due to their motion and this is a completely
new finding. We shall restrict ourselves for a two dimensional set up which will keep our
analysis simpler, yet, physically very intuitive. As in the case for Unruh effect, here as well,
the four dimensional calculation using spherical polar coordinates is a bit more involved
than a two dimensional analysis and for this case it needs to be handled with more caution,
including numerics.
In two dimensions (ignoring θ, φ coordinates) the field equations for the massless scalar
field read ∂u∂vΦ = 0 for (1) and ∂U∂V Φ = 0 for both (4) and (6). The field operator,
expanded in two bases as
Φˆ =
∫ ∞
o
dω√
4piω
(e−iωuaω + eiωua†ω + right moving)
(16)
=
∫ ∞
o
dω√
4piΩ
(e−iΩUbΩ + eiΩUb
†
Ω + right moving)
. (17)
The Bogolyubov coefficients relating the annihilation operator
aω =
∫ ∞
0
dΩ(αωΩbΩ − βωΩb†ω)
in terms of the sum of creation and annihilation operators of the other basis can be easily
calculated as
αωΩ =
1
2pi
√
ω
Ω
∫ ∞
−∞
due−iΩU+iωu, (18)
βωΩ = − 1
2pi
√
ω
Ω
∫ ∞
−∞
dueiΩU+iωu. (19)
The average particle number density for a given frequency is then given by
〈nω〉 =
∫ ∞
0
dΩ|βωΩ|2 (20)
where, nω = a
†
ωaω is the number operator defined in the cosmological basis and the expec-
tation value 〈0M |nω|0M〉 is calculated in the vacuum state in the new basis, as defined by
bΩ|0M〉 = 0. We refer to this vacuum state |0M〉 as Modak vacuum.
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To calculate the coefficient (19) we first divide the integral for u ≤ 0 and u ≥ 0 and use
appropriate relationships relating two null coordinates as appear in (3). After performing
the integration (19) we can derive
|βωΩ|2 = ω
8eHpi2Ω2
(
1 + sin(
ω2
ΩeH)
)
Γ2[
1
2
,
ω2
2ΩeH ] (21)
where Γ is an upper incomplete gamma function. Equation (20) then provides average
particle number density. Unfortunately, it is difficult to get an exact analytical result for
the particle number density (20) using (21). We therefore use numerics and plot the number
density in Fig 3.
We have noted an infrared (negative) divergence in 〈nω〉 which is unphysical and appears
in other situations such as particle creation by the moving mirror [6]. This divergence is
can be avoided just by making an infrared cutoff in Ω and that makes the particle number
zero at vanishing frequency (ω). It is exciting to note that the behavior of the number
density looks very similar to the Planckian spectrum, although that should happen, if at
all in general, only in an approximate sense. This is because a pure blackbody spectrum
is usually associated with an exponential redshift factor between the frequencies in two
reference frames which is the case for the black hole event horizon as well as for the Rindler
horizon. On the other hand the case that we have here in our hand cannot give such a
redshift simply because the coordinates are not exponentially related (recall (3)). Notice
that the number density increases with ω and reaches maximum, and then starts decreasing
again with no behavior such as ultraviolet divergence, which is reassuring for our numerical
shceme.
V. GEOMETRICAL INTERPRETATION OF PARTICLE CREATION
Here we provide a clear geometrical interpretation of the particle number density plotted
in Fig. 3 . This behavior has a nice physical explanation in terms of the geomtery of the
space and time-slices depicted in Fig. 2. It is to be noted that the bifurcation of a spacelike
or timelike hypersurface in two spacetimes are mostly visible at length scales near the Hubble
scale. Whereas, the η = const. and T = const. slices are almost indistinguishable for length
scales much larger and smaller than the Hubble scale since they become parallel to each
other. We can now think about the consequence of this on various field modes with all
11
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FIG. 3. Plot of particle number density versus frequency for a two dimensional set up. This figure
corresponds to H = 1 and introduced a infra-red cut-off at Ω = 0.001.
different frequencies. Frequencies, those are supremely sub-hubble or super-hubble, will not
be affected much by the difference in hypersurfaces, as a result the gravitational particle
excitation number will be the least for these cases. However, as we consider the field modes
with frequencies comparable to Hubble scale, the large bifurcation between two different
families of foliating hypersurfaces will trigger the maximum deformation to the vacuum
state and thus the particle number density will tend to reach its maximum near the Hubble
scale.This is what is reflected in Fig. 3. The dominant contribution comes from the particle
excitations with wavelengths comparable to the Hubble scale as appears in Fig. 3 and the
peak of the number density takes place at ω√
eΩ
= H = 1.
VI. CONCLUSIONS
We have extended our study [4] to understand the physics associated with the FCOs who
are in constant radial acceleration in Modak spacetime. Our motivation for focussing on
those observers is rooted in the fact that in cosmology we have a tendency to understand the
universe with respect to those observers. We, in the Earth, do not share the FCO’s frame,
but it is widely believed that by subtracting all relative motions, such as (a) the Earth’s
rotation around the Sun, (b) the Sun’s motion relative to the Local Standard of Rest (LSR),
(c) the motion of LSR orbit in the Milky Way, (d) The Milky Ways’s motion relative to the
Local Group (LG), (e) the LG’s infall in Virgo Cluster of galaxies and finally (f) the speeding
of Virgo cluster towards “The Great Attractor”, we can get FCO’s view of the Universe. In
this work, apart from their peculiar trajectories in Modak frame, these observers are shown
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to be exposed to a radiation due to a new gravitational particle creation which is because
of the existence of Modak vacuum that appears to have containing particles from FCO’s
reference frame.
We feel that understanding this effect with finer details is very important as they can give
important clues to understanding the Cosmos and future studies are required to understand
the magnitude of this particle production in a realistic four dimensional set up. Only then
we shall be able to talk about an observational consequence which may be important for
us. Another important outstanding issue is to extend this new reference frame beyond
the radiation stage by extrapolating this to inflationary as well as matter and dark energy
dominated epochs and study FCOs in all epochs of expansion. Thease are ongoing studies
and we hope to report them in future [7].
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